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FAMILIES OF SUBHARMONIC FUNCTIONS AND
SEPARATELY SUBHARMONIC FUNCTIONS
MANSOUR KALANTAR
Abstract. We prove that the upper envelope of a family of subhar-
monic functions defined on an open subset of RN , (N ≥ 2), that is finite
every where, is locally bounded above outside a closed nowhere dense
set with no bounded components. Then we conclude as a consequence
that a separately subharmonic function is subharmonic outside a closed
nowhere dense set with no bounded components. It generalizes a result
due to Cegrell and Sadullaev.
1. INTRODUCTION
Let u(x, y) be a separately subharmonic function defined on an open set
of Rp × Rq; i.e, u(a, .) and u(, b) are subharmonic for all fixed (a, b). A
counter example by J. Wiegerinck ([18], see also [19]) proves that such a
function is not necessarily (jointly) subharmonic. However, by the work of
V. Avanissian [5] ( see also P. Lelong [12]), we know that separately sub-
harmonic functions are subharmonic if and only if they are locally bounded
above. Different authors replaced the boundedness in this result by weaker
conditions and guaranteed the same conclusion: Arsove [4] replaced bounde-
deness by having a locally integrable majorant, and J. Riihentaus by locally
Lp majorant. D. Armitage and S. Gardiner [3] give an ”almost charp” con-
dition that includes all of the previous results. In [7], U. Cegrell and A.
Sadullaev proved that such functions are subharmonic outside a product of
closed nowhere dense set (singular set), if moreover they are harmonic with
respect to one of the variables.
In this note, we generalize Cegrell and Sadullaev’s result by relaxing the
condition that the function be harmonic with respect to one variable (see
Theorem 4.1 below). We also show that the singular set of a separately
subharmonic function has no bounded components, and in particular, no
isolated points.
The same results hold also for a family of subharmonic functions whose
supremum is finite everywhere. Thus we start by proving that such a supre-
mum is locally bounded above outside a closed set with empty interior (see
Theorem 3.1).
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2. DEFINITIONS AND PRELIMINARIES
Notation 2.1. For a set E ⊂ RN , we note the closure, interior, and bound-
ary of E by E, int(E), and ∂E, respectively. The ball of center x and radius
r > 0 will be noted B(x, r). The Poisson kernel is noted K(ζ, .) and σ
designates the (N − 1)-dimensional Lebesgue measure on the boundary of
balls. The distance of a point x and a set E is noted d(x,E); i.e.,
inf{| x− ζ |: ζ ∈ E}.
For reader’s convenience we summarize below some results from the clas-
sical potential theory that we will be using and can be found in [2], [6] and
[8]. In what follows Ω will be a bounded open subset of RN for N ≥ 2.
We recall that an upper semi-continuous function u : Ω → [−∞,+∞) is
called subharmonic, if u 6≡ −∞ and for all ball B(x, ρ) relatively compact
in Ω,
u(x) ≤
1
σNρN−1
∫
∂B(x,ρ)
u(ζ)dσ.
Let f be a continuous function on ∂Ω. The harmonic extension of f from
∂Ω to Ω is the harmonic function defined by
(2.1) Hf (x) =
∫
∂Ω
f(ξ)dµΩx (ξ),
where µΩx is the harmonic measure at x ∈ Ω. A point ζ ∈ ∂Ω is said to be a
regular (for Dirichlet problem) boundary point of Ω if
(2.2) lim
x→ζ
(x∈Ω)
Hf (x) = f(ζ)
for all function f continuous on ∂Ω. Points for which the above equality
does not hold are called irregular (for Dirichlet problem) boundary points
of Ω.
Theorem 2.2. Let ω be a Greenian open set. The set of irregular points
(for the Dirichlet problem) of ∂ω is polar.
See [2, Theorem 6.6.8].
A set E ⊂ ∂Ω is called negligible for Ω, if
dµΩx (E) = 0
for all x ∈ Ω. Negligible sets can by characterized by the notion of thinness.
A set E is said to be thin at a point ζ if ζ is not a fine (with respect to
the fine topology) limit point of E. The following two theorems, used in the
proof of Theorem 3.1, give the relation between thinness and negligibility.
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Theorem 2.3. Let ζ be a limit point of a set E. The set E is thin at ζ
if and only if there exists a subharmonic function v on a neighborhood of ζ
such that
lim sup
x→ζ
(x∈E)
v(x) < v(ζ).
See [2, Theorem 7.2.3].
Theorem 2.4. Let ω be a Greenian open set.
(i) The set {ζ ∈ ∂ω : ω is thin at ζ} is negligible for ω.
(ii) If E is a relatively open subset of ∂ω which is negligible, then each
point of E is irregular and the set E is polar.
See [2, Theorem 7.5.4] for part (i) and [2, Theorem 6.6.9-(i)] for part (ii).
Theorem 2.5. Let K be a compact subset of an open set of RN such that
◦
K = ∅. The following are equivalent:
(i) for each function f continous on K and each positive number ǫ > 0
there exists a function h harmonic on a neighborhood of K such that
|f − h| < ǫ on K;
(ii) R \K is nowhere thin.
See [2, page 226].
In the proof of Theorem 3.1, we use the following result, sometimes called
the Baire theorem: The necessary and sufficient condition that a topological
space X be a Baire space is that if X =
⋃
k Fk and each Fk is closed, then⋃
k int(Fk) is dense (see for example [1, Theorem 3.46, pg 93]). We will
also use a result due to Avanissian ([5], see also [12] ) according to which
a separately subharmonic function is subharmonic if and only if it is locally
bounded above.
3. Boundedness of a Family of Subharmonic Functions
3.1. Singular set of a family of subharmonic functions. Let {uα}α∈J
be a family of subharmonic functions defined on an open set Ω of RN and set
u := supα∈J uα. Our first goal is to prove that the singular set of u is a closed
nowhere dense set whose components are all unbounded. By definition S is a
closed set. The proof the S has empty interior is based on the Baire category
theorem. However, since the functions uα are not assumed to be continuous,
we will encounter a technical problem. Following A. Sadullaev [17], we will
use properties of thin sets in classical potential theory to circumvent this
problem.
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Theorem 3.1. Let Ω be a bounded open subset of RN (N ≥ 2) and (uα)α∈J
a family of subharmonic functions on a neighborhood of Ω. If u(x) :=
supα∈J uα(x) is finite everywhere, then there exists a closed nowhere dense
set S ⊂ Ω such that u is locally bounded above at each point of Ω \S. More-
over, the set S has no bounded components, and in particular, no isolated
points. We will call S the singular set of u.
We need the following lemmas.
Lemma 3.2. Let ω be a bounded open subset of RN and v a subharmonic
function defined on a neighborhood of ω. Suppose that
(3.1) v < λ
on ω for some constant λ. Then the set
Γ = {ζ ∈ ∂ω : v(ζ) > λ}
is polar, and in particular,
v ≤ λ
on int(ω).
Proof. It is sufficient to prove that Γ is polar. We start by proving that Γ
is negligible for ω, i.e., its harmonic measure is zero:
(3.2) µωx(Γ) = 0
for all x ∈ ω. To do so, it suffices to show that ω is thin at each point of Γ,
according to Theorem 2.4-(i). Let ζ ∈ Γ. It follows from (3.1) that
lim sup
x→ζ
(x∈ω)
v(x) ≤ λ
whereas
v(ζ) > λ,
by definition of Γ. Thus ω is thin at ζ, according to Theorem 2.3. By
Theorem 2.4 the set Γ is negligible and (3.2) follows.
Next we proceed to prove that the set
γ := {ζ ∈ ∂ω : v(ζ) = λ}
is closed in ∂ω. To do so it is sufficient to show that the restriction of v to
γ, that we steel write v, is continuous in the topological subspace ∂ω. Since
v is already upper semi-continuous, we need to show that it is also lower
semi-continuous in the mentioned topology. Let ζ ∈ γ and suppose that v is
not lower semi-continuous at ζ. Then, there exits ε > 0 such that for every
open neighborhood V of ζ there exists x ∈ (int(ω) ∩ ∂ω) ∩ V satisfying
λ ≤ v(x) ≤ v(ζ)− ε = λ− ε < λ,
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which is absurd. Here, the first inequality is due to the fact that by (3.1)
the boundary of ω is included to the set
(3.3) {ξ : v(ξ) ≥ λ}.
Thus the restriction of v to γ is continuous and γ is closed in ∩∂ω.
Finally, let χ be the characteristic function of Γ defined on ∂ω. By (3.3) we
have ∂ω = γ∪Γ and thus it follows form the last paragraph that Γ = ∂ω \γ
is open in ∂ω; this implies χ is continuous on Γ. Then, since by (3.2) the
harmonic extension of χ satisfies Hχ ≡ 0, we obtain that all points of Γ are
irregular ( for the Dirichlet problem), and so is polar by Theorem2.2. For,
if ζ ∈ Γ was regular, we would have
0 = lim
x→ζ
Hχ(x) = χ(ζ) = 1,
by continuity of χ on Γ. Impossible.

Lemma 3.3 (The ”maximum” principle). Let ω be a bounded domain
of RN (N ≥ 2) and (uα)α∈J a family of subharmonic functions on a neigh-
borhood of ω. Suppose there exist a constant M such that
sup
ζ∈∂ω
u(ζ) ≤M,
where we set u := supα∈J uα. Then,
(3.4) sup
x∈ω
u(x) ≤M.
Proof. Let α ∈ J . We have by hypothesis,
lim sup
x→ζ
(x∈ω)
uα(x) ≤ uα(ζ) ≤ u(ζ) ≤M
for all ζ ∈ ∂ω. Thus by the maximum principle applied to uα, we have
uα(x) ≤M
for all x ∈ ω. This implies (3.4), since α is arbitrary. 
Proof of Theorem 3.1 . For n = 1, 2, ..., let En be the set of all x ∈ Ω such
that u(x) < n, and let En,α be the set of all x ∈ Ω such that uα(x) < n. Fix
n. It is clear that En ⊂ En,α and then
(3.5) int(En) ⊂ int(En,α)
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for all α ∈ J .
Since u is a real-valued function, one can easily check that Ω =
⋃+∞
n=1En.
Thus according to Baire theorem, G :=
⋃+∞
n=1 int(En) is dense in Ω. Define
S := Ω \ G. To finish the proof of the first part of the theorem, it remains
to show that u is locally bounded above on Ω \ S = G.
Let ζ ∈ G. There exists n such that ζ ∈ int(En). Let α ∈ J be arbitrary.
By Lemma 3.2 applied to the subharmonic function uα on the open set En,α,
we obtain
uα ≤ n
on int(En,α), and by (3.5), on int(En). Since α is arbitrary,
u ≤ n,
on int(En), which is an open neighborhood of ζ. It follows that u is locally
bounded above at ζ, and since ζ is arbitrary, on G. This prove the first part
of the theorem.
The second part of the theorem follows from Lemma 3.3. In fact, if C
were a bounded component of S, there would exist an open set U containing
S without its boundary ∂U meeting S. By the precited lemma, that would
imply U ∩ S = ∅. Absurd. 
Remark 3.4. Recall that according to the (fundamental) convergence the-
orem, if (uα) is a family of locally- bounded-above subharmonic functions
on a domain Ω and u := supα uα, then the upper regularization u
∗ of u is
subharmonic and is equal to u quasi-everywhere ( see for example [6, pg 77]
or [2, pg 146] and the reference therein); here,
u∗(x) := lim sup
y→x
u(x).
If follows from Theorem 3.1 that the conclusion of the cited theorem holds
outside a nowhere dense closed set, if u is finite everywhere. Also, according
to Lemma 3.3, the same conclusion holds if Ω is bounded and u is bounded
above on ∂Ω.
3.2. The Converse Problem. Given a set S in RN , our goal is now to
construct a family of subharmonic functions whose supremum’s singular set
is S. By Theorem 3.1 it is necessary that S be closed nowhere dense with
no bounded component. In our construction, we impose an extra condition:
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that R \ S be nowhere thin. We will follow closely Weigernick’s example
([18], see also [19]).
Theorem 3.5. Let S be a compact nowhere dense subset of RN such that R\S
is nowhere thin . Then there exist a family uν of subharmonic functions in
R
N such that u := supν uν is finite everywhere and locally unbounded at each
point of S.
Proof. Let Ω be an open set containing the set {x ∈ RN : d(x, S) ≤ 3},
where d(x, S) := inf{| x−ζ |: ζ ∈ S}, and fix ξ0 ∈ S. Following Weigernick’s
example, we define for all natural number n,
K ′n :=
{
x ∈ Ω :| ξ0 − x |≤ n
n,
1
n
≤ d(x, S) ≤ 2
}
,
and
An :=
{
x ∈ Ω :| ξ0 − x |≤ n
n, d(x, S) =
1
n+ 1
}
.
Then we set
fn =
{
0 on a small neighborhood of K ′n
n+ 1 on a small neighborhood of An
.
This is a harmonic function on Kn := K
′∪An. We may apply Proposition 2
to the compact Kn, according to which, there exits a function Hn harmonic
on Ω such that | Hn |<
1
2 on K
′
n and | Hn |≥ n on An. Set vn = max{| Hn |
−1, 0}. Each Hn being harmonic, | Hn | is subharmonic and so is also vn.
Clearly, vn vanishes on K
′
n and is bigger than n on An. Finally, we define
uν(x) =
ν∑
n=1
vn(x)
and u(x) = supν uν(x) =
+∞∑
n=1
vn(x). Notice that this sum is finite for all
fixed x ∈ Ω and so u is subharmonic.
Now, take x1 ∈ S and let us prove that u is locally unbounded at x1. For
all n ≥ 1, there exists ζn ∈ An such that | x1 − ζn |=
1
n+1 , . It is easy to
check that
| x1 − ζn |= d(S, ζn).
In fact, since x1 ∈ S, we have | x1 − ζn |≥ d(S, ζn). Then | x1 − ζn |≤
d(x1, S) + d(S, ζn) = 0 + d(S, ζn), and we obtain the above equality. Notice
also that ζn → x1 with n and u(ζn) ≥
∑n
k=1 k ≥ n. Thus
lim
n→+∞
u(ζn) = +∞.

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4. Application to Separately Subharmonic Functions
Let Ω1 and Ω2 be two open sets in R
p and Rq, respectively and p, q ≥ 2.
A function u(x, y) on Ω1×Ω2 is called separately subharmonic if for all fixed
point (a, b) ∈ Ω1 ×Ω2 the partial functions x 7→ u(x, b) and y 7→ u(a, y) are
subharmonic on Ω1 and Ω2, respectively. The following theorem generalizes
a result due to Cegrell and Sadullaev [7, Theorem 6] in which the authors
assume moreover that u(x, y) is harmonic with respect to one variable.
Theorem 4.1. Suppose that u(x, y) is a separately subharmonic function on
a neighborhood of Ω1 × Ω2. Then there exist two closed nowhere dense sets
S1 ⊂ Ω1 and S2 ⊂ Ω2 such that u(x, y) is subharmonic on Ω1×Ω2 \S1×S2.
Moreover, S1 and S2 have no bounded components, and in particular, no
isolated points.
Proof. Let M(x) := maxη∈Ω2 u(x, η). Since u is upper semi-continuous with
respect to the second variable, M is a real-valued function. Thus we may
apply Theorem 3.1, according to which there exists a closed nowhere dense
set S1 ⊂ Ω1 such that M is locally bounded above at each point of Ω1 \ S1.
Since u ≤M on Ω1 ×Ω2, if follows that u(x, y) is locally bounded above at
each point of Ω1 \ S1 × Ω2 and by Avanissian’s theorem u is subharmonic
there. Same for S2 by setting N(y) := maxζ∈Ω1 u(ζ, y). 
Theorem 4.2. Let S1 and S2 be two closed nowhere dense sets in R
p and
R
q (p, q ≥ 2), that together with their complements Rp \ S1 and R
q \ S2
have no bounded components. Then there exists a function u(x, y) separately
subharmonic on Rp×Rq, subharmonic on Rp×Rq \S1×S2, and unbounded
at each point of S1 × S2.
Proof. As in the proof of Theorem 3.5 define an open set Ω1 and a sub-
harmonic sequence v′n(x) for S1, and an open set Ω2 and a subharmonic
sequence v′′n(y) for S2. Then set
u(x, y) =
+∞∑
n=1
v′n(x)v
′′
n(y).
If (x, y) ∈ Ω1 × Ω2 is fixed, then the above sum is finite and so the partial
functions u(., y) and u(x, .) are subharmonic.
To see that u is unbounded at a neighborhood of each point of S1 × S2,
take a point (x1, y1) in this set. As before, there exist two sequences {ζn}
and {ηn} converging to x1 and y1 respectively, such that
u(ζn, ηn) ≥
n∑
k=1
k2 > n.
Thus we obtain again, u(ζn, ηn)→ +∞, as n→ +∞. This proves that u is
locally unbounded at (x1, y1) and so S1 × S2 is the singular set of u. 
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Remark 4.3. The analog of Lemma 3.3 for separately subharmonic functions
shows that in order for such a function to be subharmonic, it is sufficient that
it be bounded above on the distinguished boundary only. More precisely,
Let u(x, y) be a separately subharmonic function defined on a neighborhood
of Ω1 × Ω2, and assume Ω1 and Ω2 are connected. Suppose there exits a
constant M such that
u ≤M
on ∂Ω1×∂Ω2. Then, either u < M or u ≡M on Ω1 ×Ω2, and in particular
u is subharmonic on Ω1 × Ω2.
In fact, let (x, y) ∈ Ω1 × Ω2. We have by the maximum principle applied
to u(x, .),
(4.1) u(x, y) ≤ max
η∈∂Ω2
u(x, η) = u(x, η1),
for some η1 ∈ ∂Ω2. In the same way for η1 fixed, there exists ζ1 ∈ ∂Ω1 such
that
u(x, η1) ≤ max
ζ∈∂Ω1
u(ζ, η) = u(ζ1, η1).
Thus by hypothesis and in view of (4.1),
u(x, y) ≤ u(ζ1, η1) ≤M,
and so u is bounded above on Ω1 × Ω2.
Now, suppose u(a, b) = M for some (a, b) ∈ Ω1 × Ω2 and take (x, y) ∈
Ω1 × Ω2. It is easy to see that
u(x, y) =M,
for u(a, .) attains its maximum at b ∈ Ω2, and by the maximum principle,
u(a, .) ≡M ; in particular, u(a, y) =M . Similarly, for y fixed, u(., y) attains
its maximum at a ∈ Ω1 and so is constant, in particular u(x, y) = M , as
required.
Finally, the last statment of the claim follows from Avanissian’s theorem.
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